
The exponential map for the group of similarity transformations and
applications to motion interpolation

Spyridon Leonardos1, Christine Allen–Blanchette2 and Jean Gallier3

Abstract— In this paper, we explore the exponential map
and its inverse, the logarithm map, for the group SIM(n) of
similarity transformations in Rn which are the composition
of a rotation, a translation and a uniform scaling. We give
a formula for the exponential map and we prove that it is
surjective. We give an explicit formula for the case of n = 3
and show how to efficiently compute the logarithmic map. As
an application, we use these algorithms to perform motion
interpolation. Given a sequence of similarity transformations,
we compute a sequence of logarithms, then fit a cubic spline
that interpolates the logarithms and finally, we compute the
interpolating curve in SIM(3).

I. INTRODUCTION

The exponential map is ubiquitous in engineering appli-
cations ranging from dynamical systems and robotics to
computer vision and computer graphics. The exponential
map is of particular importance in the fields of robotics
and vision in analyzing rotational and rigid body motions.
It is a well established result, that any rotation matrix is
the matrix exponential of a skew-symmetric matrix, called
the logarithm of the rotation. The vector space of skew-
symmetric matrices provide a linearization of the group of
rotations around the identity and since the group of rotations
is a Lie group, the set of skew-symmetric matrices is the
Lie algebra of this Lie group. Similarly, for any rigid body
(Euclidean) transformation there is a matrix consisting of
a skew-symmetric part and a real vector part, the so called
twist, whose exponential is the Euclidean transformation. For
a more rigorous treatment of the above notions we refer the
reader to the standard references of robotics and computer
vision [16], [15]. In this paper, we investigate the exponential
map and its (mutivalued) inverse, the logarithm map, for the
group of similarity transformations. We prove the surjectivity
of the exponential map, i.e. every similarity transformation
is the exponential of some matrix in the corresponding Lie
algebra. To the best of our knowledge, we are the first to
prove the surjectivity of the exponential map for the group
of similarity transformations. As an application, we consider
the problem of interpolation between multiple similarity
transformations in R3.
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The problem of motion interpolation has been studied
extensively both in the robotics and computer graphics
communities. Since rotations can be represented by quater-
nions, the problem of quaternion interpolation has been
investigated, an approach initiated by Shoemake [21], [22],
who extended the de Casteljau algorithm to the 3-sphere.
Related work was done by Barr et al. [2]. Moreover, Kim
et al. [13], [14] corrected bugs in Shoemake and introduced
various kinds of splines on the 3-sphere in R4, using the
exponential map. Motion interpolation and rational motions
have been investigated by Jüttler [9], [10], Jüttler and Wagner
[11], [12], Horsch and Jüttler [8], and Röschel [20]. Park
and Ravani [18], [19] also investigated Bézier curves on
Riemannian manifolds and Lie groups and in particular, the
group of rotations. Zefran et al. [23] formulated the problem
interpolating between two given positions of a rigid body as a
variational problem on the group of rigid body motions. The
functional under consideration was a measure of smoothness
of the three dimensional trajectory of the rigid body. Further
work in this direction is presented in Belta and Kumar [3],
and Altafini [1] gives a version of de Casteljau’s algorithm
for the group of rigid body motions. However, none of these
papers deal with the problem caused by the fact that the
logarithm function is multi-valued, a problem which we will
deal with in this work.

II. PRELIMINARIES

The group of rotations in Rn is defined as

SO(n) = {R ∈ Rn×n : R>R = I, det(R) = +1} (1)

where I denotes the identity matrix. The set of all possible
configurations a rigid body in Rn is described by the special
Euclidean group SE(n), which is the group of affine map ρ
of Rn defined such that ρ(x) = Rx+u for all x ∈ Rn, with
R ∈ SO(n) and u ∈ Rn.

The group SIM(n) of similarity transformations in Rn
consists of all affine maps ρ of Rn such that ρ(x) = αRx+u
for all x ∈ Rn, where R ∈ SO(n) is a rotation matrix, u
is some vector in Rn (the translation part of ρ), and α ∈ R
with α > 0 (the scale factor). A similarity transformation
can be represented by the (n+ 1)× (n+ 1) matrix(

αR u
0 1

)
(2)

The group SIM(n) is called the group of direct affine
similitudes or similarity transformations of Rn.

A Lie group is a group G which is a manifold and
the group operation and its inverse are smooth. The Lie



algebra of a Lie group is its tangent space at the identity,
denoted by g. For any Lie group G with Lie algebra g,
there is a map exp: g → G called the exponential map
(see O’Neill [17]). When G is a matrix group, this is just
the matrix exponential. In general, the exponential map is
neither injective nor surjective. However, it is well known
that the exponential is surjective for the groups SO(n) and
SE(n). In this paper, we prove that it is also surjective for
the group SIM(n).

III. THE PROBLEM OF INTERPOLATION

In this paper, we investigate methods for interpolating
various deformations of a body. The paradigm that we use
to define a deformation is the one used in elasticity theory.
According to this method, the motion and deformation of
a body can be described by a curve in a group G of
transformations of a space E (say Rn, n = 2, 3). Given
an initial shape B ∈ E, a deformation of B is a (smooth
enough) curve D : [0, T ] → G. The element D(t) of the
group G specifies how B is moved and deformed at time t,
and the (moved and) deformed body Bt at time t is given
by Bt = D(t)(B). If G = SO(3), then we are modeling
rotations of a rigid body (in R3). If G = SE(3), then we are
modeling the motion of a rigid body (in R3). This means that
the rigid body B rotates and translates in space. In this paper,
we consider the slightly more general group G = SIM(3),
which means that we are modeling a simple deformation
of a (nonrigid) body (in R3). In addition to rotating and
translating, the body B can grow and shrink in a uniform
fashion.

The interpolation problem is the following: given a se-
quence g0, . . . , gm of deformations gi ∈ SIM(3), find
a curve c : [0,m] → SIM(3) such that c(i) = gi for
all i = 0, . . . ,m. Unfortunately, the naive solution which
consists of performing linear interpolation does not work,
because SIM(3) is not a vector space and thus, linear
combinations of elements of SIM(3) do not necessarily
belong to SIM(3).

A way to circumvent this difficulty is to interpolate in the
linear space sim(3) (the Lie algebra of SIM(3)) and then
use the exponential map to go back to SIM(3). The Lie
algebra sim(n) of SIM(n) consists of all (n+ 1)× (n+ 1)
matrices of the form(

λIn + Ω u
0 0

)
Ω ∈ so(n), u ∈ Rn, λ ∈ R, (3)

where so(n) consists of the vector space of all n × n
skew symmetric matrices. Fortunately, the exponential map
exp: sim(3) → SIM(3) is surjective (this holds not just
for n = 3 but also for all n ≥ 1. This means that we
have a logarithm function log : SIM(3) → sim(3), such
that exp(logA) = A, A ∈ SIM(3). We can use the maps
log : SIM(3) → sim(3) and exp: sim(3) → SIM(3) to
interpolate in SIM(3) as follows: Given the sequence of
“snapshots” g0, g1, . . . , gm ∈ SIM(3):

1) Compute logarithms Xi = log gi ∈ sim(3) for all i =
0, . . . ,m.

2) Find an interpolating curve X : [0,m]→ sim(3).
3) Exponentiate to get the curve c(t) = exp(X(t)) ∈

SIM(3).
Since sim(3) is a vector space, interpolating in sim(3) can
be done easily using spline curves. Two problems remain:

1) Computing the logarithm of a matrix in SIM(3).
2) Computing the exponential of a matrix in sim(3).
In this paper, we give a formula for the exponential map

exp: sim(n) → SIM(n) and we prove its surjectivity for
any n ≥ 1. For n = 3, we give an explicit formula and
show how to compute logarithms. We use these algorithms
for computing logarithms and exponentials in order to per-
form motion interpolation in SIM(3). Given a sequence
A0, A1, . . . , An of transformations in SIM(3), we compute
a sequence of logarithms X0, X1, . . . , Xn in sim(3) ≈ R7,
then fit a cubic spline c(t) that interpolates the Xi, and
then compute the curve exp(c(t)) in SIM(3). However,
the fact that the logarithm is multivalued causes problems.
The principal logarithm (the one associated a rotation by an
angle in [0, π]) is not always the correct choice and if ones
interpolates only between principal logarithms, unnaturally
long motion may be observed.

To the best of our knowledge, we are the first to investigate
this problem. To correct it, we choose the next logarithm so
that the length of the interpolating arc from Ai to Ai+1 is
minimized. Unfortunately, we now obtain sequences of cubic
splines with discontinuous junctions. To repair this problem,
we introduce a class of sequences of cubic splines with
discontinuous junctions but with continuity of the first and
second derivatives at junction points. Since the exponential
map removes the discontinuities, we obtain C2-continuous
motions in SIM(3).

IV. A FORMULA FOR THE EXPONENTIAL OF
SIM(3)

We begin with some preliminary propositions.
Proposition 4.1: Given any (n + 1) × (n + 1) matrix B

of the form
B =

(
Γ u
0 0

)
, (4)

where Γ is any real n× n matrix and u ∈ Rn, we have

eB =

(
eΓ V u
0 1

)
, (5)

with V = In +
∑
k≥1

Γk

(k+1)! and V =
∫ 1

0
etΓdt.

Proof: Using induction on n ≥ 1, it is easy to prove
that

Bn =

(
Γn Γn−1u
0 0

)
. (6)

This proves the first part of the proposition.
Since the power series for eΓt converges uniformly on

[0, 1], we have∫ 1

0

etΓdt =

∫ 1

0

(
I +

∞∑
k=1

(tΓ)k

k!

)
dt = I +

∞∑
k=1

Γk

(k + 1)!

This proves the second part of the proposition.



We now specialize Proposition 4.1 to the case where Γ is
of the form Γ = λI + Ω, where Ω is a n × n matrix and
λ ∈ R.

Proposition 4.2: Given any (n + 1) × (n + 1) matrix B
of the form

B =

(
λI + Ω u

0 0

)
, (7)

where Ω is a n× n matrix, λ ∈ R, and u ∈ Rn, we have

eB =

(
eλeΩ V u

0 1

)
, (8)

with

V = In +
∑
k≥1

(λI + Ω)k

(k + 1)!
=

∫ 1

0

eλtIetΩdt. (9)

Proof: The diagonal matrix λI commutes with any
matrix, so (λI)Ω = Ω(λI) and by a well-known property of
the matrix exponential, we deduce that eλI+Ω = eλIeΩ =
eλeΩ. Similarly, et(λI+Ω) = eλtIetΩ. Then, Proposition 4.2
follows immediately from Proposition 4.1 with Γ = λI + Ω.

If Ω is a skew symmetric matrix, then eΩ is a rotation
matrix, so we have shown that for any matrix B ∈ sim(n)
given by

B =

(
λI + Ω u

0 0

)
, (10)

we have eB ∈ SIM(n), with

eB =

(
eλeΩ V u

0 1

)
, (11)

and

V = In +
∑
k≥1

(λI + Ω)k

(k + 1)!
=

∫ 1

0

eλtIetΩdt. (12)

Since the exponential map exp: so(n) → SO(n) is surjec-
tive, the surjectivity of the exponential map exp: sim(n)→
SIM(n) depends on the invertibility of V . We prove that
this exponential map is indeed surjective in Section V.

Returning to the formula for the exponential in SIM(n),
note that if we have an explicit formula for eΩ, then we may
have a chance to compute the integral∫ 1

0

eλtIetΩdt, (13)

and obtain an explicit formula for eB . For n = 3, thanks to
the Rodrigues formula, we can carry out this plan. For any
matrix Ω ∈ so(3) of the form

Ω =

 0 −c b
c 0 −a
−b a 0

 , (14)

if we let θ =
√
a2 + b2 + c2, then Rodrigues formula states

that

eΩ = I3 +
sin θ

θ
Ω +

(1− cos θ)

θ2
Ω2, θ 6= 0 (15)

and eΩ = I3 for θ = 0. Then, we have the following theorem.

Theorem 4.3: Given any matrix B ∈ sim(3) given by

B =

(
λI + Ω u

0 0

)
, (16)

we have
eB =

(
eλeΩ V u

0 1

)
, (17)

and if

Ω =

 0 −c b
c 0 −a
−b a 0

 , (18)

and θ =
√
a2 + b2 + c2, then eΩ is determined by Rodrigues’

formula (15) and V is determined as follows:
1) If θ = 0 and λ = 0, then V = I3.
2) If θ = 0 and λ 6= 0, then V = (eλ−1)

λ I3.
3) If θ 6= 0 and λ = 0, then

V = I3 +
(1− cos θ)

θ2
Ω +

(θ − sin θ)

θ3
Ω2. (19)

4) If θ 6= 0 and λ 6= 0, then

V =
(eλ − 1)

λ
I3 +

(θ(1− eλ cos θ) + eλλ sin θ)

θ(λ2 + θ2)
Ω

+

(
(eλ − 1)

λθ2
− eλ sin θ

θ(λ2 + θ2)
− λ(eλ cos θ − 1)

θ2(λ2 + θ2)

)
Ω2.

(20)
With the convention that e

λ−1
λ = 1 if λ = 0, the third clause

for V is subsumed by the fourth clause.
Proof: If λ = θ = 0, then Γ = Ω = 0, so V = I . If

θ = 0 and λ 6= 0, we need to compute
∫ 1

0
eλtIetΩdt. But in

this case, Ω = 0, so

V =

∫ 1

0

eλtI3dt =
1

λ

[
eλtI3

]t=1

t=0
=

1

λ
(eλ − 1)I3. (21)

If θ 6= 0 and λ 6= 0, using the Rodrigues formula, we have

V =

∫ 1

0

eλt
(
I3 +

sin θt

θt
Ωt+

(1− cos θt)

θ2t2
Ω2t2

)
dt

=

∫ 1

0

eλtdt I3 +

∫ 1

0

eλt sin θt

θ
dtΩ

+

∫ 1

0

eλt

θ2
dtΩ2 −

∫ 1

0

eλt cos θt

θ2
dtΩ2. (22)

Thus, we need to compute the integrals
∫ 1

0
eλt cos θt dt

and
∫ 1

0
eλt sin θt dt. Observe that eλt+iθt = eλt cos(θt) +

ieλt sin(θt), so we simply have to compute the primitive of
eλt+iθt and take its real and imaginary parts. We have∫ 1

0

eλt+iθtdt =
eλ+iθ − 1

λ+ iθ
, (23)

and from this, we get∫ 1

0

eλt sin θt dt =
1

λ2 + θ2
(θ(1− eλ cos θ) + eλλ sin θ)

(24)∫ 1

0

eλt cos θt dt =
1

λ2 + θ2
(λ(eλ cos θ − 1) + eλθ sin θ).

(25)



Then, we have

V =
(eλ − 1)

λ
I3 +

(θ(1− eλ cos θ) + eλλ sin θ)

θ(λ2 + θ2)
Ω

+

(
(eλ − 1)

λθ2
− eλ sin θ

θ(λ2 + θ2)
− λ(eλ cos θ − 1)

θ2(λ2 + θ2)

)
Ω2,

(26)

as claimed.
The next step is to figure out when the matrix V is invertible.

V. SURJECTIVITY OF THE EXPONENTIAL

To determine when V is invertible, it is sufficient to find
the eigenvalues of V . Recall that V = I +

∑∞
k=1

Γk

(k+1)! ,.
Then, if z is any eigenvalue of Γ, since zk is an eigenvalue
of Γk, we see that the eigenvalues of V are of the form
1 +

∑∞
k=1

zk

(k+1)! , with z an eigenvalue of Γ. If z = 0, then
1 is an eigenvalue of V , and otherwise, since

ez − 1

z
= 1 +

∞∑
k=1

zk

(k + 1)!
, (27)

we see that the eigenvalues of V are of the form (ez−1)/z,
with z 6= 0 an eigenvalue of Γ. An eigenvalue of the form
(ez−1)/z is zero iff ez = 1, which holds iff z = ik2π, with
k ∈ Z− {0} (since we are assuming z 6= 0).

In our situation, Γ = λI + Ω, with Ω an n × n skew
symmetric matrix. It is well known that the eigenvalues of a
(real) skew symmetric matrix are either 0 or ±iθj with θj 6=
0 for j = 1, . . . ,m (2m ≤ n). Therefore, the eigenvalues
of V are 1 and λ± iθj , for j = 1, . . . ,m. Consequently, V
has 0 as an eigenvalue iff λ = 0 and θj = k2π for some
j, with k ∈ Z − {0}. In summary, we obtain the following
proposition.

Proposition 5.1: Given any n×n skew symmetric matrix
Ω and any number λ ∈ R, if ±iθj with θj 6= 0 for j =
1, . . . ,m (2m ≤ n) are the nonzero eigenvalues of Ω, then
V =

∫ 1

0
eλtIetΩdt is invertible if either λ 6= 0, or for j =

1, . . . ,m, we have θj 6= k2π for all k ∈ Z− {0}.
Note that if Ω = 0 and λ = 0, then V is invertible, since

in this case V = I . We can now prove that the exponential
exp: sim(n)→ SIM(n) is surjective.

Theorem 5.2: The exponential map exp: sim(n) →
SIM(n) is surjective for all n ≥ 1.

Proof: Given any matrix A ∈ SIM(n) of the following
form

A =

(
αR w
0 1

)
, (28)

where α ∈ R+, R ∈ SO(n) and u ∈ Rn, we must show
that there is some matrix B ∈ sim(n) of the form

B =

(
Γ u
0 0

)
, (29)

with Γ = λI + Ω and Ω skew-symmetric, so that

A = eB =

(
eΓ V u
0 1

)
. (30)

From Proposition 4.3, we have

eΓ = eλeΩ. (31)

Therefore, we must find Ω, λ, and u such that

eλeΩ = αR (32)
V u = w. (33)

Case 1. R = I . Since α > 0, we let λ = logα, and we
pick Ω = 0. In this case, θ = 0, so V = 1

λ (eλ− 1)I (V = I
when λ = 0) is invertible, and u = V −1w.

Case 2. R 6= I . Since α > 0, we let λ = logα. Since R 6=
I , it is known (for example, see Gallier [6] Theorem 18.1)
that the exponential map exp: so(n)→ SO(n) is surjective,
and by the reasoning in the proof of Proposition 18.3 in
Gallier [6], we may assume that the nonzero eigenvalues iθj
of the skew symmetric matrix Ω such that eΩ = R are such
that θj 6= k2π for all k ∈ Z. In fact, we may assume that
0 < θj < π. By Proposition 5.1, the matrix V is invertible,
so u = V −1w.

Since all cases have been covered, we proved that the map
exp: sim(n)→ SIM(n) is surjective.

For n = 3, since we have an explicit formula for V and
for eΩ, we can compute logarithms explicitly, as we now
explain.

VI. COMPUTING LOGARITHMS IN SIM(3)

From Section IV, given any matrix A ∈ SIM(3), in order
to compute logarithms of A, we need to compute logarithms
of rotation matrices R ∈ SO(3) and to invert the matrix V ,
which is given by the formulae of Theorem 4.3. Computing
logarithms of 3 × 3 rotation matrices is well-known (for
example, see Gallier [6]).

Given two transformations A1, A2 ∈ SIM(3), since the
logs X1 and X2 in sim(3) such that A1 = eX1 and
A2 = eX2 are not uniquely determined, there are several
interpolating curves between A1 and A2 arising from the
various affine interpolants t 7→ (1 − t)X1 + tX2 in sim(3),
so we need to decide which curve is the intended motion.
It seems reasonable to assume that the intended motion is
the one that minimizes the length of the curve segment
t 7→ e(1−t)X1+tX2 in SIM(3). To make this precise, we
need to introduce a Riemannian metric. We will return to this
point shortly, but right now let us proceed more intuitively
using an example. Let R1 and R2 two rotation matrices
corresponding, respectively, to a rotation by 2π/3 and 4π/3
around the z-axis. The principal logarithms of R1 and R2

are
B1 =

2π

3
êz, B2 = −2π

3
êz = −B1 (34)

where ez = (0, 0, 1)> and (̂·) is the usual hat operator that
maps a vector in R3 to a skew-symmetric matrix in so(3).
Now, the problem is that if we interpolate in so(3) using
affine interpolation,

B(t) = (1− t)B1 + tB2 = (1− t)B1 − tB1 = (1− 2t)B1,
(35)



we see that the corresponding rotation

R(t) = eB(t) = e(1−2t)B1 (36)

goes through the identity rotation for t = 1/2 and the
resulting motion goes from R1 to R2 through I , instead of
going through the rotation of angle π around the z-axis,
which is the intended shortest and more natural motion.
If we use the other determination of the logarithm of R2

corresponding to 2π − 2π/3 = 4π/3, namely

B′2 =

 0 −4π/3 0
4π/3 0 0

0 0 0

 , (37)

this time we have the interpolant

(1− t)B1 + tB′2 =

 0 −(1 + t) 2π
3 0

(1 + t) 2π
3 0 0

0 0 0

 , (38)

and for t = 1/2, we get the rotation of angle π around
the z-axis, as desired. The above example shows that if
we want to have an interpolation which corresponds to
the intended motion, then we can’t systematically use the
principal logarithm.

Let us now make precise what we mean when we say
that the resulting interpolated motion is the intended one
or the most natural one. The problem really has to do
with computing the logarithm of the rotation part Ri of a
transformation Ai ∈ SIM(3). In order to define the length
of a curve in SO(3), we equip SO(3) with a Riemannian
metric. Because SO(3) is a Lie group, it suffices to define
the inner product

〈B1, B2〉 =
1

2
tr(B>1 B2) = −1

2
tr(B1B2) (39)

on so(3), and since this inner product is Ad-invariant, it
induces a bi-invariant Riemannian metric on SO(3) (see
Gallot, Hullin, Lafontaine [7] or O’Neill [17]). If we write
a skew symmetric matrix B ∈ so(3) as

B =

 0 −c b
c 0 −a
−b a 0

 , (40)

then we check immediately that the inner product 〈B1, B2〉
corresponds to the inner product of the vectors (a1, b1, c1)
and (a2, b2, c2) associated with B1 and B2. Now, for any
two rotations R1, R2 ∈ SO(3) and any two skew symmetric
matrices B1, B2 ∈ so(3) such that R1 = eB1 and R2 = eB2 ,
consider the curve γ in SO(3) given by

γ(t) = e(1−t)B1+tB2 , t ∈ [0, 1]. (41)

We have γ(0) = R1 and γ(1) = R2, and it can be easily
shown that the length L(γ) of the curve γ is

L(γ) =

∫ 1

0

〈γ′(t), γ′(t)〉 12 dt = ‖B2 −B1‖ .

Therefore, given B1, in order to minimize the length L(γ) =
‖B2 −B1‖ of the curve segment γ, it suffices to pick B2 so

that ‖B2 −B1‖ =
(
− 1

2 tr((B2 −B1)2)
) 1

2

is minimized.

To compute the logarithms of given similarity transfor-
mations, we compute the principal logs Bi and B′i+1 of
Ri and Ri+1 (with corresponding principal angles θi and
θi+1), as well as the determination B′′i+1 of the log of Ri+1

corresponding to 2π − θi+1 if θi+1 6= 0, namely

B′′i+1 = −(2π − θi+1)
B′i+1

θi+1
. (42)

Then, we pick for the log of Ri+1 the matrix Bi+1 among
B′i+1 and B′′i+1 which minimizes − 1

2 tr((Bi+1 − Bi)
2). If

θi+1 = 0, then Ri+1 = I , and we set Bi+1 = 0.
Each transformation A ∈ SIM(3) is specified by a

triple (R,α, u), where R ∈ SO(3) is a rotation, α > 0
is a scale factor, and u ∈ R3 is the translation part.
Similarly, each log X ∈ sim(3) is a triple (B,α, v),
where B ∈ so(3), α ∈ R, and v ∈ R3. We call B the
rotation part of X . Given a sequence of transformations
A0, A1, . . . , Am ∈ SIM(3), first we compute the sequence
of principal logs X0, X1, . . . , Xm. Actually, we compute
the principal log of the rotation part Ri of Ai as well as
λi = log(αi), and then we compute the sequence of pairs
(X0, Y1), (X1, Y2), (X2, Y3), . . . , (Xm−1, Ym), where the
rotation part of Yi+1 is computed from the rotation part of Xi

for i = 0, . . . ,m−1. Next, we form the longest subsequence
(X0, Y1, . . . , Ym1) such that Yi = Xi for i = 1, . . . ,m1;
then the longest subsequence (Xm1

, Ym1+1, . . . , Ym1+m2
)

such that Yi = Xi for i = m1, . . . ,m1 + m2; and so on.
At the end of this process, we have K sequences of logs
(Xm1+···+mk , Ym1+···+mk+1, . . . , Ym1+···+mk+1

), which we
use for interpolation.

The main drawback of the above described method is
that we have discontinuities. For example, Ym1 6= Xm1 ,
Ym1+m2

6= Xm1+m2
, etc. However, we found a way to

construct interpolating splines with discontinuities but such
that first and second derivatives agree at discontinuity points.
Since we apply the exponential map to all these logs and
since

eYm1 = eXm1 , eYm1+m2 = eXm1+m2 , . . . (43)

in the end, we obtain C2 continuous interpolating splines
in SIM(3). To handle splines with C0 discontinuities, we
derive slightly different equations to compute the de Boor
control points, inspired by the derivation in Section 6.8 of
Gallier [5].

VII. EXPERIMENTS

In this section, we will present some examples of the
proposed method for motion interpolation in the group of
similarity transformations. We used a toroidal object in Fig.
1 and Fig. 2. We also used a model of the earth whose
interpolated motion sequence is plotted in Fig. 3. In Fig. 1,
we interpolate the motion of the toroidal object between two
deformations while in Fig. 2 and Fig. 3, we interpolated
between three deformations where the size of the object
initially decreases and then increases until it reaches its
original size.



Fig. 1: Interpolation of the motion of a toroidal object between three given deformations. Seen from three different angles.

Fig. 2: Interpolation of an elliptical model of the earth between three deformations. The given deformations are the leftmost one, the
rightmost one and the one in the middle.

VIII. CONCLUSIONS

In this paper, we proved the surjectivity of the exponential
map for the group of similarity transformations SIM(n)
and we gave explicit formulas for the exponential and the
logarithm maps of SIM(n) and its Lie algebra. As an
application, we considered motion interpolation between
such type of deformations and we both theoretically and
experimentally showed the validity of our approach. Future
work might include interpolating between other kinds of
transformations like projective transformations.
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[11] Bert Jüttler and M.G. Wagner. Computer-aided design with spacial
rational B-spline motions. Journal of Mechanical Design, 118:193–
201, 1996.
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